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To support the U.S. Air Force’s global reach concept, a Common Aero Vehicle is being designed to support the
global strike mission. Waypoints are specified for reconnaissance or multiple payload deployments and no-fly zones
are specified for geopolitical restrictions or threat avoidance. Because of time critical targets and multiple scenario
analysis, an autonomous solution is preferred over a time-intensive, manually iterative one. Thus, a real-time or near
real-time autonomous trajectory optimization technique is presented to minimize the flight time, satisfy terminal and
intermediate constraints, and remain within the specified vehicle heating and control limitations. This research uses
the hypersonic cruise vehicle as a simplified two-dimensional platform to compute an optimal analytical solution. An
up-and-coming numerical technique is a direct solution method involving discretization and then dualization, with
pseudospectral methods and nonlinear programming used to converge to the optimal solution. This numerical
technique is first compared to the previously derived 2-D hypersonic cruise vehicle analytical results to demonstrate
convergence to the optimal solution. Then, the numerical approach is applied to the 3-D Common Aero Vehicle as the
test platform for the flat Earth three-dimensional reentry trajectory optimization problem. The culmination of this
research is the verification of the optimality of this proposed numerical technique, as shown for both the two-
dimensional and three-dimensional models. Additionally, user implementation strategies are presented to improve
accuracy, enhance solution convergence, and facilitate autonomous implementation.
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P = function of terminal cost and terminal constraint

¢ = cost at a discrete time

v = terminal (endpoint) constraint

Subscripts

end = lastin finite sequence

F = associated with point N + 1

k = associated with points 1, ..., N

u = partial derivative with respect to u

X = partial derivative with respect to x

Superscripts

)4 = phase number

(@) = lowest time derivative of the path constraint
containing a control

* = optimalorbasis 1,...,N

T =  basisl,...,N+1

= associated with KKT conditions

I. Introduction

LOBAL strike and global persistent attack are two of the seven

United States Air Force concepts of operations [1]. Various
hypersonic and reentry vehicle technologies are being pursued to
enable such a prompt global reach capability [2]. The government
competition for the Force Application Launch from the Continental
United States (FALCON) [3] program and the NASA Next
Generation Launch Technology Program Office [4] validate both the
interest and the need for future research. The Common Aero Vehicle
(CAV) is an unmanned aerial vehicle supporting these technologies
with the role of “striking from space” [5].

The space shuttle [6] clearly demonstrates that successful
techniques for reentry trajectory generation exist. Hanson and Jones
[7] perform an extensive comparison among five predominant
contenders [8—14]. Flight test results are found in [15,16]. These do
an excellent job of rapidly computing a feasible reentry trajectory.
Some require an existing nominal trajectory [14], while others
implement bank reversal logic [12]. However, one of the research
goals herein is to generate a reentry trajectory without a preexisting
solution. Another fundamental goal of this research is to avoid
geopolitically sensitive regions which is not addressed in previous
research. Flying over specified waypoints is yet another research
goal. Linear quadratic regulators [17], dynamic optimization [18],
and fuzzy logic [19,20] have been shown to handle waypoints.
Voronoi diagrams [21] and barrier [22] and interior point [23]
methods have been shown to handle threats and restricted airspace. A
solution technique was sought to handle all these criteria in a single
problem. The Program to Optimize Simulated Trajectories (POST)
[24] can suffer from divergent integration when implementing the
shooting method. Therefore, a method outside these techniques was
investigated. Preliminary studies of pseudospectral methods [25]
lead to software implementation [26-29], which culminated in the
solution process used in this research.

The overall mission objective is to fly from an initial point to a
final/terminal point or target, in minimum time. The generic start and
finish point of a trajectory are called endpoints. Waypoints are
specified as intermediate coordinates to fly over to satisfy payload
delivery or reconnaissance mission requirements. The vehicle must
fly directly over each waypoint, also called waypoint passage;
however, time, altitude, bank angle, flight path angle, velocity, and
heading are not constrained. Some control law solutions are called
bang—bang or bang-level-bang, meaning the control takes on the
value of minimum, zero, or maximum. For a bang—bang controller
for bank angle, a turnpoint is defined as a discrete point where there is
a change in the current constant control; therefore, the vehicle rolls
into a turn or completes a turn at a turnpoint. There is no
predetermined limit on the number of discrete changes in control,
that is, turnpoints. If waypoint passage occurs at some point within a
constant control turn, the waypoint and turnpoints are not coincident.

Ano-fly zone is aregion with a boundary that the vehicle may contact
but must not violate. The entire trajectory can be broken up into
sequential legs, segments, or phases; these terms may be used
interchangeably. The breaks between phases may occur at
waypoints, turnpoints, or other ending criteria such as no-fly zone
contact. The problem starts at the initial time 7,. Because there can be
multiple waypoints in a mission, each is numbered i, and the time of
passage is denoted #;. Similarly, each no-fly zone is numbered j;
however, the time of interest for each no-fly zone is the time of no-fly
zone boundary contact ¢;. The target is reached at the final or terminal
time 7, and is called target intercept.

II. Problem Definitions and Assumptions

This section documents the generic dynamic optimization
problem as well as the specific constraints used throughout this
research. Specific aerospace vehicles are used to exemplify the
dynamic optimization solution techniques. The simpler 2-D
(horizontal plane) trajectory solution [30,31] uses the powered
hypersonic cruise vehicle (HCV) model and mission [32,33]. This is
used to build up to the more complex 3-D trajectory using the CAV
model and mission [31,34,35]. The constraints of waypoints and no-
fly zones are added to further define an operational mission. With the
problem and assumptions clearly defined, the analysis and results
follow in Sec. HI.

A. Generic Problem Statement

The overall objective of this research is to create a constrained
optimal trajectory, for a given vehicle, to strike a final target in
minimum time. The cost or objective function defines optimality,
which is mission dependent and typically defined by the user. For
example, the user may want to arrive in minimum time or maximum
energy. The constraints refer to adhering to equations of motion,
limitations on allowable control, and mission specific waypoints and/
or no-fly zones. The constraints may be implemented as equality and/
or inequality constraints. Other path restrictions, such as thermal
limits or rate limits, may also exist. The vehicle itself is represented
by the dynamics or equations of motion and any heating or control
limitations. The mission is represented via the final target, waypoints,
and/or no-fly zones. These generic definitions are formulated into
equations and used to solve for the optimal control, leading to the
optimal trajectory. Therefore, the first step is to introduce the
dynamic optimization nomenclature used throughout this research.

1. Dynamic Optimization

The continuous-time, dynamic optimization problem with open
final time is a particular problem of interest. The open final time
allows time to be in the cost function, which is the intent for a
minimum time problem. The advantage to the continuous-time
formulation, over discrete time formulation, is it allows the direct
incorporation of the differential equations of motion. The equations
of motion in Eq. (1) are a function of the states, x(¢) € R", the
controls u(#) € R™, and the independent variable ¢ € R, where n is
the number of states and m is the number of controls,

X(1) = f(x(1),u(2). 1) (M

The objective or cost function J, in Bolza form [36], has two
components as seen in Eq. (2). The first component ¢(x(z,), 7,) is a
cost defined at a discrete time 7, or the sum of costs at discrete times,
d(x(14,). tg,) + p(x(24,), ty,) + - - - For this derivation ¢, is the final
time ,, and the final state vector x(#) is represented by X ; thus, the
cost may be a function of the final states and/or the final time. The
second component is the integrand cost L, taken from the initial time
f to final time 7. The combined cost function is

J=¢(x,.1)) + /”L(x(z),u(z),t) dr )

Additionally, there may be a terminal constraint . The
terminal constraint may be used to specify an exact target, impact
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time, or other final state/time function. The equation form of this
constraint is

V(xs. 1) =0 A3)

Certain path equality constraints C may also exist within the
trajectory [37,38]. For example, the trajectory may need to follow
along the boundary of a no-fly zone or the control may be maintained
at its maximum value. Notice here that the equality constraint C is a
function of the states and the controls:

C(x(t),u(r),n) =0 (€]

Inequality constraints are also important to this research. The
inequality may be a function of either the states or the controls [[37],
pp. 108-118], for example, maximum allowable heating or control.
The inequality constraints only appear in the solution during the
times they are active, thatis, when the constraintis atits limit which is
formulated to be zero. The state inequality constraint is
S(x(1), 1) < 0. When the control constraint is active, the control
inequality constraint in Eq. (5) is a special case of Eq. (4), that is,
C(u(r),t) = 0. Equation (7) illustrates how active and inactive
constraints are handled. The technique formulated herein requires the
equality constraint to be a function of the control; therefore, the
nomenclature for C has been maintained whereas the distinction is
made for S because it is not a function of the control. The separate
state and control inequality constraints are

Sx(1),1) <0 C(u(r),1) <0 )
The goal of optimization is to determine a control to minimize the
cost while satisfying the dynamics and constraints. To ensure the
constraints are always satisfied they are adjoined to the cost function
using Lagrange multipliers: v, A, and j. Notice that the following
adjoined cost function J maintains the same value as Eq. (2) if all the
constraints are satisfied. To simplify notation, the dependence of
each variable is omitted, for example, ¢(x, t;) is simply written as ¢.
Thus the optimization problem is to determine the control u that
minimizes the scalar cost J:

minJ =¢ + vy + /rf[L +A(f=%) +p'Cldt - (6)

The constraint C need only enter the problem when it is active, that is,
when C = 0. Conversely, it can be ignored when the constraint is
satisfied or nonactive, that is, when C < 0. The components of the
multiplier x are defined to create this functionality:

{ >0, C=0, )

=0, C<O0

The state inequality constraint S appears to be missing; however, a
method to incorporate this constraint is shown later. The calculus of
variation dictates that the variations of the adjoined cost, taken with
respect to each variable, must be zero in order for the solution to
possibly be a minimum. Thus, the variation of the adjoined cost
function must be

8J =0 (8)

Before presenting the results, some intermediate variables are
defined. The Hamiltonian H is a scalar defined as

H=L+Af+u’C )
and @ is the scalar defined as
O=¢p+ Ty (10)
The time derivative of ® is defined as

d= o+, (11)

The subscripts represent a partial derivative with respect to that
variable. The following summarizes the necessary optimality
conditions for the continuous-time, free final time problem; the
intermediate steps can be found in [[36], p. 159]. The dependence
notation is returned here to clarify the conditions that are functions of
time versus those that apply only at the final time. The following
shortened notation has been maintained; x is a simplification for x ()
and u is a simplification for u(z). The costates A, differential
equations are

);T(z) =—H.(x,u,r1)
=—Lyx,u.t) = AT () fx(x.w, 1) — p (Ci(x,m, 1) (12)
The final conditions on the costates are
(1)) = @ (xp, 1) = Xy 17) + VT (Xp, 8p) (13)
The optimality criterion:
Hy(x,u,1) =Ly(x,u,1) + AT f,(x,u,1)
+uT(OC,(x,u,t) =0 Vit>t, (14)

and finally the transversality condition:
d(xs.1;) + L(Xp 0y, 1) =0 (15)

Notice that S does not explicitly appear in these optimality criteria;
however, Sec. II.A.3 covers how S is to be included.

2. Discontinuous Lagrange Multipliers

A unique situation occurs when there are interior-point state
constraints, that is, constraints that apply at a single unspecified time
within the trajectory. A problem specific example is waypoints. This
brings about the concept of discontinuous Lagrange multipliers.
These discontinuities will also be called “jumps” in the costates
[[37], p. 101]. Assume there is only one interior-point constraint,
occurring at the unspecified time #;, as a function of the states and
time:

N(x(1)),t,) =0 (16)

The time #; now represents the final time of the previous segment and
the initial time of the next segment; thus, let #;” represent just before 7
and £} just after #,. Similar to the final condition on the costates in
Eq. (13), there is now a jump to accommodate the intermediate
condition in Eq. (16) [37,38]:

) N

Ay = )LT(I;’) + 7l ox(1) (17a)
N ON

H(ry) = H(t,*) - nga—tl (17b)

The vector of multipliers 7, must be solved to satisfy Eqgs. (17a) and
(17b). The finite number of interior-point constraints may be greater
than 1; therefore, Eq. (17) can be generalized to apply to any one of
the jumps simply by changing ¢, to the applicable time of the interior-
point constraint, for example, ¢; or ¢;.

3. Path Inequality and Equality Constraints

The path inequality constraint is introduced in Eq. (5) as a function
of the state and time; it is repeated here for convenience:

Sx(n).n =0 (18)

Because the control does not explicitly appear in Eq. (18), the time
derivative of § is taken until the control does appear. If it takes g
derivatives for the control to appear, this time derivative is written as
S@. For the special case where this is the only constraint, then
C = 5@ and Eq. (9) becomes
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H(x,u,t)=L(x,u,t) + ATf(x,u, 1) + u"S9(x,u,7r) (19)

This process adds interior-point constraints for all of the g — 1
derivatives which each must equal zero. Thus, the interior-point
constraint vector in Sec. [I.A.2 becomes

fl()x(fl)all)
SOx(n).
Nt =| O (20)
S (x(r), 1)

This interior-point constraint occurs at some time #;, which for the
path constraint, is the point of boundary contact. Boundary contact
refers to the instant the edge, or boundary, of the path constraint § is
encountered, that is, the first instant that S = 0. For this mission,
S = 0 at the no-fly zone boundary, and SV’ = 0 implies the velocity
is tangent to the boundary; see Sec. IL.C.7. There is a jump in the
costates occurring when the constraint becomes active at time 7.
Since S@ is a function of the control, it may be possible to maintain
§@ =0; this represents being on the constrained arc. The
constrained arc is the time the solution follows the boundary of S, for
example, S = 0 translates to flight along the no-fly zone boundary. It
is considered constrained at § = 0 because any deviation inward,
S >0, would violate the constraint, and any deviation outward,
S < 0, may increase the cost. Unlike entering (starting along) the
constrained arc, there is no jump in the costates upon exiting
(leaving) the constrained arc. Also, since S is a function of the
states, the partial derivative s appears in the propagation of the
costate equations, Eq. (12). The optimal control continues to be
solved from Eq. (14). If the computed optimal control would lead to
violating the constraint, then the control required to remain on the
constraint is used instead. Therefore, the optimal trajectory may
follow the constraint or simply touch the constraint, based on
whichever minimizes the Hamiltonian without violating the
constraint.

This section defined the continuous-time dynamic optimization
problem with free final time. Equality and inequality constraints were
addressed as a function of the controls or the states. The next step is to
specify the particular mission requirements in terms of constraints to
be incorporated into the constrained dynamic optimization problem
for this research. The following sections address the operational
mission and the CAV model.

4. Cost Function

The objective is to minimize flight time. The cost can therefore be
expressed as t or as fO[’ 1 dz. The former seems to produce slightly
faster numerical results, possibly because the integral of 1 internally
requires an additional state. The results should obviously be the same
with either expression, and so for this research the cost function is

J=1 @1

B. Mission Assumptions

The overall problem has mission components and vehicle
components. The mission components include the target, waypoints,
and no-fly zones; whereas the vehicle components include the
equations of motion, control limitations, and aerodynamic heating
limitations. The following mission assumptions are presented first to
begin to scope the problem:

1) The waypoints are specified in the desired sequence.

2) Waypoint passage must be directly overhead.

3) Inner-loop control is available. Only the outer loop or trajectory
generation is addressed.

4) Waypoints are sufficiently spaced such that no two are within
the turn radius of the vehicle.

5) The altitude for waypoint passage is not specified.

6) No-fly zones are specified as circular exclusion zones with
infinite altitude.

7) No-fly zones must not be violated.

8) Target coordinates and final altitude are specified.

Item 1 ensures the user’s mission definition is not altered, for
example, the vehicle must fly over tracking station 1 before tracking
station 2. Item 2 avoids modifying the solution by manipulating the
penalty of a near miss. Item 3 scopes this research effort to focus on
the primary trajectory optimization objective; it is assumed that the
inner-loop problem (tracking a reference trajectory) can be achieved
but is not addressed herein. Item 4 characterizes the expected
performance of a hypersonic vehicle. Item 5 attempts to avoid
overspecifying the problem; furthermore, waypoint altitude does not
enhance the mission objectives. Item 6 simplifies the derivations;
however, other shapes could alteratively be incorporated. Item 7,
similar to item 2, avoids modification of the solution by manipulating
the penalty of a slight violation of a no-fly zone. Item 8 ensures the
solution does not place the vehicle at such an excessive altitude that
spike heating becomes a factor during a rapid final descent, or leave
the vehicle with insufficient altitude to perform any required terminal
maneuvers.

There are consequences associated with each of these assumptions
which characterize the solution. Item 1 implies there is no attempt to
minimize the cost by reordering the waypoints; thus, the research as
stated is not commensurate with a traveling salesman problem.
Item 2 can lead to infeasibilities because there is no leniency for a
near miss. One way to deal with a near miss is to specify an
acceptable radius, meaning the interior-point constraint would be a
region rather than a point. Alternatively, a cost could be assigned to
the waypoint miss distance, but this cost must be carefully balanced
with the terminal cost such as time or energy. The inner-loop control
assumed in item 3 may not be possible if the rate of control in the
solution exceeds the vehicle’s capability. If this were an area of
concern the problem could be modified to manipulate control rate, for
example, & rather than just «. The control rate would then have a
defined limit as well as the magnitude of the control. Item 4 means
that cloverleaf maneuvers have not been considered. Two-
dimensional solutions to these turn back trajectories are in [39,40].
The altitude in item 6 could be specified to provide an acceptable
overflight altitude, or an acceptable risk from a threat. Allowing
violation of the no-fly zone in item 7 could be well posed as a cost
associated with proximity to a threat. Therefore, these assumptions
are considered part of the problem definition rather than limitations to
the solution process. The following sections cover the vehicle
specific assumptions and individual vehicle descriptions.

C. Common Aero Vehicle

The CAV is an operationally representative vehicle for this 3-D
trajectory research. It represents a hypersonic reentry vehicle with
cross-range capability necessary to acquire waypoints and avoid no-
fly zones. It has no thrust; therefore, the reentry profile must avoid
exceeding a specified limit of the heating rate at the stagnation point.
The following describes the vehicle model and expresses the CAV
mission in terms of dynamic optimization constraints.

1. CAV: Vehicle Description

Phillips [35] describes a low-lift CAV and a high-lift CAV. The
high-lift CAV, CAV-H, is modeled here to extend the cross-range
capability. The full aerodynamic database and characteristic
parameters are presented in Appendix A. The control and heating
limitations are realistic, but are chosen to force boundary contact in
order to verify different forms of the solution.

2. CAV: Mission Profile

A target nearly halfway around the world is used to represent a
global strike mission. A waypoint in the middle of the Atlantic
represents a telemetry station that can validate the vehicle navigation
and control to terminate a rogue vehicle if necessary. The radius of
the first no-fly zone is intentionally chosen to be much smaller than
the turn capability of the CAV, thus forcing the solution to only be
able to contact the boundary at a single point. The next waypoint
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Table 1 CAYV mission description

Descriptor Latitude Longitude Radius
Initial N 28° 35.286’ W 80° 40.194

Waypoint 1 N 34° 2.810 W 27° 18.430'

No-fly zone 1 N 20° 15.513 W 3°27.588 960 nmi
Waypoint 2 N 33° 13.298' E 41° 41.266'

No-fly zone 2 N 55° 43.849’ E 58° 33.688 1500 nmi
Target N 31° 36.653' E 65°42.016'

hy =122 km, V,, = 24,000 ft/s = 7.3152 km/s, y, = —1.5 deg, 6, =4 deg

represents a secondary mission target for reconnaissance or payload
delivery. The last no-fly zone has a large enough radius to allow the
boundary to be followed if optimal, and is positioned to force full
control authority to clear the no-fly zone and still make it to the target.
The heating constraint limitation is set low enough such that the
unconstrained heating problem exceeds the value; thus the
constrained solution must incorporate the limitation. The initial
conditions are approximately those presented in [35]. The specified
final altitude is the approximate altitude that the space shuttle uses to
complete its entry guidance phase [6]. Table 1 provides the mission
objectives.

Altitude is . The flight path angle y is the angle with respect to the
local horizontal, measured positive away from the Earth. Variable V
is airspeed, and 6 is the heading angle, measured positive
counterclockwise from the east.

3. CAV: Assumptions

This research follows a buildup in complexity. The intent is to start
with a more intuitive analysis and advance to a more operationally
representative model. The powered HCV allows for the simpler 2-D
(horizontal plane) trajectory analysis as presented in [30,31]. These
2-D results are summarized herein and are used as a foundation for
the more complex 3-D trajectory analysis. The 3-D analysis uses an
unpowered hypersonic vehicle model, the CAV. A flat Earth
assumption is employed to allow for consistent state definitions to
facilitate comparison of results. Specifically, position can be
consistently characterized using the horizontal components x and y,
rather than making the transition to the spherical coordinates of
latitude and longitude.

The following assumptions simplify the 3-D equations of motion
and maintain the x, y, and 0 states presented previously for the 2-D
case [30,31]. These simplifications do not indicate limitations to this
solution process; they are intended to make the derived analysis more
intuitive and easier to follow. The CAV 3-D model assumptions are
as follows: 1) flat, nonrotating Earth; 2) gravity is constant; 3) flight
path angle is small; 4) drag is the dominant deceleration term;
5) coefficient of lift (C;) and coefficient of drag (Cp) are only a
function of angle of attack (AOA); 6) control is bank angle and angle
of attack, both limited; 7) atmospheric density is modeled as a simple
exponential; 8) heat flux at the stagnation point is limited; and
9) G loading and total heat are not addressed.

Ignoring the rotation of the Earth is a common assumption seen in
[41-43]. The flat Earth approximation is most applicable to lifting
bodies with a low flight path angle as seen in [44—46]. The flat Earth
model is used as a proof of concept and to provide commonality with
the 2-D derivation; however, a spherical Earth model would be more
appropriate for computing operationally representative results. The
small flight path angle leads to the small angle approximations. For
hypersonic vehicles, C; and Cp, are often assumed independent of
Mach number, that is, simply a function of angle of attack [47]. The
estimated fit to the CAV aerodynamic data is in Appendix A.

4. CAV: 3-D Equations of Motion

The equations of motion represent a flat Earth model with zero
Earth rotation. A small angle approximation for the flight path angle
implies cos y &~ 1 and sin y & y. Itis also assumed that the drag term
is the dominant term in the V equation, that is, the component of
gravity in the velocity direction is negligible compared to the

aerodynamic drag. This last assumption is consistent with the small
angle approximation for y. The nondimensional equations of motion
originating from [31,44,45] are

x=Vcosf (22a)
y=Vsinf (22b)
h=Vy (22¢)

_BV2e (1 4 ¢})

V= 22d
2E (22d)

. 1
y=BVe Prolic,coso — v +V (22e)
6 = BVePrlc, sino (22f)

The states x and y are position, £ is altitude, V is airspeed, y is flight
path angle, and 6 is heading. The constant B = (prS.;C})/(2m) is
afunction of the vehicle parameters, atmospheric constant, and initial
conditions. The constant E* is the maximum lift-to-drag ratio. The
controls are bank angle o, and the fraction of C;, c,. The coefficient
C7 is the coefficient of lift that produces the maximum lift-to-drag
ratio, as seen in Appendix A.

5. CAV: Control Constraints

The bank angle is limited to 60 deg to represent stability
limitations, and to force the control to reach the imposed limit for this
research. The maximum limitation of ¢, =2 is derived from the
aerodynamic data in Appendix A. The minimum ¢, = 0 maintains
proper orientation for the thermal protection system. Thus the control
limitations are

o—m/3
—0—m/3
cp—2
_—

Cu,f) = <0 23)

6. CAV: Terminal Constraints

The terminal constraints for the CAV are the target coordinates
and the specified final altitude:

x(tp) — xg
V(x(tp). t;) = | ¥(tp) =y (24)
h(t;) — hy

7. CAV: Path Inequality Constraints

The path inequality constraints for the CAV are the no-fly zones
and the maximum stagnation point heat rate. The no-fly zone
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constraints are

S(x(1), 1) P ) )
Fe 12y 2B T AG— A =025
The radius of no-fly zone number j is R;, centered at [x;, y;]. The
distances from the center of no-fly zone j are Ax; =x —x; and
Ay; =y —y;. The function for the heating constraint is found in
[41], which has its origin from [48], and is also discussed in [49]. The
differences within these references are the selections of the second
exponent value in Eq. (26). Some of the exponent choices are
decimals, for example, 3.15. The integer exponent 3 was chosen to
simplify the partial derivatives during analytical derivations. The
dimensional form of the equation for ¢, g, is

. K gim PN Vam \?
q sdim = — — (26)
A/ Those \Psi A/ 8070

The dimensions are based on the converted units of the constant kg,
[48], whichis 17,000 Btu ft~>2s~!, and vehicle dependent radius of
the nose, r,.. The heating limitation is specified as a maximum
allowable heat flux, ¢, .- The dimensional g, ., is used to convert
the dimensional heating rate in Eq. (26) to the nondimensional form
in Eq. (27), making the maximum allowable heat ¢, = 1. The
nondimensional altitude is & = (rgm — r9)/ry and the nondimen-
sional velocity is V = Vyn//go70 [47]. The nondimensional
heating rate at stagnation point ¢, in terms of the nondimensional
states 4 and V, is

G, = Ke Pron/2y3 27
where

K= kdime_ﬂ(rl)_R®)/2/(V rnoseq.xmax)

The heating path inequality constraint will have the same form as S in
Eq. (25); however, Q is used for distinction. There is no minimum
heating limitation; however, from Eq. (27) g, is always > 0. Thus the
heating inequality constraint is

O(x(n). 1) =g, — 1] =[Ke "2V —1] <0 (28)

This Q is notrelated to total heating which is often represented by this
symbol. For this research the total heating is considered a vehicle
design parameter and not a trajectory optimization parameter.

8. CAV: Interior-Point Constraints

There are interior-point constraints associated with each waypoint
i and each no-fly zone j. Each waypoint is specified at [x;, y;]. Part of
the solution is the time of each waypoint passage #; and the time of
no-fly contact ;.

The waypoint interior-point constraint is

N(x(%),1;) |:x(ti) _xii| -0 (29)

i=1,2,. . i y(t) =y

Similarly, the derived no-fly zone interior-point constraint is

M(x(1).1;) | S&).1)
J=120ea | SO(x(1)), 1))

1 (p2 2 2
=[ (R = Ay~ A, }:0 (30)
—Ax;Vcos — Ay,;Vsin6
It can be seen that the heating constraint, Eq. (28), is not a function of
either control. Therefore, as described in Sec. II.A.3, time derivatives
must be taken until a control explicitly appears. This only requires the
first time derivative; thus the interior-point constraint derived from
the heating constraint Q up to the ¢ — 1 derivative is simply

Q(X (tk)v tk)

=1[4,(t;) — 1] = [Ke Proh2y(1,)3 — 1] =0
k= 1.2,k ) — 1l =[Ke () = 1]

€1V

This equation only requires satisfaction upon contact with the
heating constraint at time #;, where k represents the number of
contacts with the heating constraint.

9. CAV: Path Equality Constraints

Path equality constraints arise when a constraint is active, that is,
while the inequality constrained equals zero. As described in
Sec. II.A.3, the control to remain on the constraint arc is used, that is,
5@ = 0 will ensure S remains zero. This will be the control in use
until the optimal control does not violate the constraint. For this case,
the boundary of the no-fly zone is flown until it is no longer in the
way. From Sec. ILA.3, S is the lowest time derivative that contains
the control and allows the boundary of the path constraint to be
followed. Therefore, if on the no-fly zone constraint, ¢ = 2, and so
the second time derivative of the inequality constraint must equal
zero:

C(x,u, 1) =S9(x,u,t) =S?P(x,u,r)
=—V2 + (Ax;sinf — Ay, cos )6
+ (—Ax;cos ) — Ay;sin )V = 0 (32)

The term in front of V is simply S /V, thus it will be zero while
Eq. (30) is satisfied; however, the term is retained to take the partial
derivative with respect to X to propagate the costates. From Eq. (7),
will be nonzero on the constraint, C = 0 and the —u” (£)Cy(x, u, )
term will appear in Eq. (12) based on C defined in Eq. (32).
Similarly, while on the heating constraint, ¢ = 1, and so the first
time derivative of the heating inequality constraint must equal zero:

3B
0.0 = Proy + e (14 c2) =0 (33)

Once again, contact with a constraint does not dictate remaining on
the constraint. A boundary arc is only traversed if the optimal control
would result in violation of the constraint. For example, in the 2-D
case [30,31], the optimal control is bang—level-bang; however, a
maximum bank turn would violate the no- fly zone. The optimal
control is to follow the constrained arc, the boundary of the no-fly
zone, until the bang—level-bang control can be resumed toward the
next no-fly zone, waypoint, or target.

D. Numerical Methods Implementation Techniques

For the simpler 2-D HCV problem it is possible to derive the
complete analytical solution; contrarily, the complexity of the 3-D
CAYV problem requires numerical techniques to efficiently compute
the solution. The numerical technique proposed for the CAV solution
is first applied to the HCV problem. This is performed to verify the
numerical convergence and to analyze the accuracy of the numerical
results as compared to the 2-D analytical solution. Problem setup
using one phase or multiple phases, discontinuities in the control and
costates, and discretization spacing are also investigated during the
2-D numerical implementation. A numerical technique typically
represents a continuous problem via some form of discretization. The
discretization method, that is, the spacing of the discretized points, is
going to be based on the dynamics. Thus, the discretization may need
to be different for different portions of the modeled dynamics. For
example, Runge—Kutta integration is often run with a variable step
size to allow for an increase in the number of time steps during rapid
state changes. This methodology remains true when attempting to
model the original states plus the added dimensionality of the
costates. Therefore, an increased number of time steps is required for
rapid changes in the states as well as rapid changes in the costates.
Section II.A.2 discusses discontinuous Lagrange multipliers, that is,
jumps in the costates. Thus, to properly model the system, any
numerical technique must be able to model these discontinuities
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accurately. This modeling can be achieved by creating a dense set of
time steps, or by actually allowing for a discontinuity. The dense set
of time steps is used when the numerical method forces continuity,
thus the dense set of continuous points replicates a discontinuity.
Alternatively, a model can allow for discontinuities for certain
variables while maintaining continuity for others. For example, the
controls or costates may have permissible discontinuities whereas
the states may be forced to be continuous. These differences in
discretization, and discontinuity modeling, are characteristic of some
of the software available.

One primary difference between software packages is the
implementation of multiple segments or phases. Ross and D’Souza
[50] and Fahroo and Ross’s [51,52] DIDO uses a unique method to
improve the numerical accuracy of its seemingly single phase
solution. DIDO increases the density of the time steps, called nodes,
by specifying intermediate “knots” at points where increased
numerical accuracy is desired. Ross et al. [27] demonstrate a
multistage optimization through pseudospectral knotting. Con-
versely, NASA’s optimal trajectories by implicit simulation (OTIS)
[53-55], Betts’s sparse optimal control software (SOCS) [56],
von Stryk’s direct collocation method for the numerical solution of
optimal control problems (DIRCOL) [57], Astos Solutions’
graphical environment for simulation and optimization (GESOP)
[58], Rutquist and Edvall’s PROPT [59], and Rao’s Gauss
pseudospectral optimal control software (GPOCS), based on
Huntington’s dissertation [60], allow the user to break the problem
up into multiple phases. The multiple-phased approach allows for a
multipoint boundary value problem by specifying terminal
constraints at the end of each phase, that is, interior-point constraints.
Additionally, each phase is discretized individually; therefore, the
nonuniformly spaced collocation points [25,61-65], for example,
Chebyshev or Gauss points, create the desired situation of higher
node density at the beginning and end of each phase. The choice of
phase breakpoints dictates where desired higher accuracy occurs or
where discontinues are allowed. This nonuniform node spacing can
have the adverse effect of leaving sparse spacing in the middle of the
phase, even with an increase in the specified number of nodes. If this
middle region requires higher accuracy, it may be necessary to force
another phase change in this region. In summary, a numerical
solution may be broken up into phases for three purposes: to specify
interior-point constraints, to allow for discontinuities, and/or to
increase the accuracy at a region of high state, control, or costate
change.

One of the challenges of a phased trajectory solution or approach is
determining the required number of phases. To maximize accuracy,
every jump in the costates should occur at a phase breakpoint to allow
for such discontinuities. The number of jumps is dictated by the
number of interior-point constraints. For this problem, the number of
interior-point constraints is the number of waypoints plus the number
of times the path constraints are contacted. Unfortunately, this
number is typically part of the solution and is not known a priori. It is
possible to run a lower number of phases, and then add phase breaks
at each path constraint contact. However, it may also be possible to
allow the numerical solution to model these discontinuities with
continuous costates, that is, without a phase break. For simplified end
user implementation, it is therefore desirable to minimize the number
of phases, that is, eliminate the need to add more breakpoints. The
ability to still converge on the optimal solution even with a minimal
number of phases is therefore one of the topics of this research.
Section IILE provides a comparison between a trajectory broken up
into a higher number of phases, that is, increased accuracy, and a
trajectory broken up into a minimal number of phases, that is, more
desirable user implementation. Appendix B contains an overview of
the pseudospectral method, nonlinear programming implementa-
tion, and multiple-phase connectivity which is the foundation of the
solution technique used herein.

III. Analysis and Results

The culmination of this research effort lies in the analysis and
results presented in this section. Section II developed the

fundamental theory; however, the problem specific solutions remain
to be solved. For each vehicle and mission, the goal is to analytically
compute the optimal solution to the maximum extent possible. For
the 2-D constant speed HCV a solution is determined using an
indirect method by satisfying an analytically derived set of
optimality criteria [30,31]. The solution to the HCV problem is
recomputed using this new numerical solution technique and the
results are compared to those previously computed via the analytical
approach. The proposed direct numerical solution technique is used
to solve the optimal 3-D CAV reentry trajectory problem. A two-step
process is implemented to validate these numerical results. First, the
candidate numerical result is tested to verify it matches the derived
three-dimensional analytical form of the control. Once this rigorous
process of verifying the optimality of the results is complete, a
minimal set of user representative steps is outlined for future
implementation.

A. 2-D HCV Trajectory: Numerical Solution

This section is an introduction to the numerical technique required
to solve the more complex 3-D CAV problem. These numerical
results are computed using the software package GPOCS,# and are
compared to previously computed analytical results [30,31]. Figure 1
shows that the numerical results are approximately equal to the
analytically derived results. It also illustrates the numerical technique
of separate phases, where the waypoints and target are specified as
terminal boundary conditions for the appropriate phase.

The costates in Fig. 2 match for most of the time history. However,
the numerical results have different jump values and derivatives
while the trajectory is on the no-fly zone constraint. In comparison to
Bryson and Ho’s method [37], the GPOCS software package uses an
alternate path constraint method that is compatible with the Gauss
pseudospectral costate mapping theorem [64,66]. To understand the
differences, this alternate method is used to derive another set of
analytical equations for the costates; the derivation and comparison
are presented next in Sec. [IL.B.

B. 2-D HCV Trajectory: Alternate Analytical Solution

The Gauss pseudospectral costate mapping theorem is used within
GPOCS to convert the discrete Karush—Kuhn-Tucker (KKT)
multipliers into the continuous costates. The user supplied path
function provided to GPOCS is the no-fly zone constraint S;
however, the original analytical result uses S to adjoin to the
Hamiltonian. Adjoining S directly, as in Eq. (34), is the D-form of the
Lagrangian, and adjoining S, as in Sec. IL.A.3, is the P-form named
after Pontryagin [67]. For the Breakwell problem [37], this
distinction is mentioned via footnote in [52], and analytically and
numerically solved using both methods in [31],

H=L+Af+pus (34)

This alternate form of the Hamiltonian implies a change in the costate
propagation equations from previous results [30,31]:

A= [=ATf T — puls )

Ay 0 —Ax;
Ay | 0 | Ay,
o | A Vsin@— A,V cos Moo

Ay —A, €08 0 — Ay sin 6 + Ay oy 0
(35)

This change in adjoined path constraint has created nonzero
derivatives for A, and A,. Furthermore, the previously derived
interior-point constraint M is not imposed and so there is no jump in
the costates. From the new definition of );(, in Eq. (35) there is zero
change in its derivative occurring at no-fly zone contact; therefore,
without a change in derivative it must remain its previous value of
);9 = 0. This criteria leads to the following relationship along the

“Results were produced using GPOCS Version 1.1.
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Fig. 2 Costates and Hamiltonian: analytical (Bryson and Ho’s method [37]) versus numerical results.
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no-fly zone boundary:

A Vsing —A,Vcos0 =0 (36)

Since V is always positive it can be divided out of this equation. The
next step is to take the time derivative of both sides of the equation:

sin 9);)C + A, cos 66 — cos 9);y + A, sin 06=0 37

Substituting in the values of );X = pnAx; and k‘ = pnAy;, from
Eq. (35), leads to an expression for 1:

_ —(A,cos 0+ A,sinO)V
#= (Ax;sinf — Ay, cos 0)*

(38%)

Upon no-fly zone contact the costates are propagated using Egs. (35)
and (38) to create the time history presented in Fig. 3. The control
time history is unchanged since u*(?) is

559

The u* in Eq. (42) is only applicable while on a no-fly zone
constraint.

The correlation in the numerical results, as shown in Fig. 3, with
the alternate derivation of the costate propagation equations clearly
shows that numerical computation is conforming to the optimality
criteria. This understanding of what path constraint is being adjoined
to the Hamiltonian to create the time history of the costates is used in
the CAV 3-D analysis.

C. 3-D CAYV Trajectory: Analytical Analysis

The analytical solution is derived first to determine the form of the
optimal control. The first step is to derive the solution with no path
constraints. Then, with path constraints, determine how the
propagation of the costates changes with the inclusion of the path
multipliers, p”.

1. 3-D CAV: Optimal Unconstrained Control

First assume the Hamiltonian is only a function of the integrand of

S = %(R% _A x? _ AY?) (39) the cost and the costates, that is, i = 0 because the path constraints
' ' ' are assumed inactive. From the cost definition in Eq. (21), the
integrand is L = 0 so the Hamiltonian becomes
M) = _Ax; — Ay.Vsi
S Ax./VCOSH Ay./VSIIl@ (40) H=1L +)an=)xXVCOS+)»yVSiI19+)»th
Bv2 —PBroh 1 2 1
% % =+ }"V |:BVe_5’0hcl COSOo — v + V]
S@ = —V2 + u(Ax;sin — Ay; cos 0) tan o,
' ] + AgBVe Prlic,sino 43)
+ (—Ax;cos 0 — Ay;sinfh)a =0 41)
The first-order optimality condition requires H,, = 0 and the second-
order criteria requires H,, > 0 [36,68], that is, positive definite.
) These represent the following matrices:
Vv
ut(t) = - (42) T
(Ax;sin 0 — Ay; cos 6) tan 0y, u=J[o ¢l (44)
0 T T T T T
- = = Analytical (Alternate Method)
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Fig. 3 Costates and Hamiltonian: analytical (alternate method) versus numerical results.
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Huz[Ha Hq]ZO (45)
H H,.
_ oo ocy
H,, = |:HC[<7 H,.. :| >0 (46)

Starting with Eq. (43) the partial derivatives of the Hamiltonian with
respect to the controls are

H, =—\,BVe Prlc sing + AgBVe Polhc coso =0 (47a)

Bv2e—,3r0h .
H, = —)»VTQ + A, BVe Prol cos o
+ AgBVe Plising =0 (47b)

The second partial derivative is taken to ensure H,, is positive
definite:

solution from Eq. (33), or the assumed definitions of A, and A,,

leads to
(223 £23)/ 4 + 23 <0 (54a)

(kcosa)cosa + (ksino) sino <0 (54b)

To satisfy Eq. (54), k must be negative; therefore, the solution for the

control o is
coso =—A,/ /A2 + A} (55a)

sino = —Ag/ /A2 + A2 (55b)

0o [—CZBVe‘ﬁ’“"(Ay coso + Agsino)  BVe Proi(—1, sino + Agcoso)
uu —

BVePro(—}, sino + Agcos o)

The off diagonals of H,, are zero because they are simply H,/c,,
where H, = 0 from Eq. (47a). Thus, the eigenvalues of H,,,, which
must be >0 [[36], p. 66], are equal to the terms on the main diagonal:

— ¢BVe Prol(}, coso + Agsing) > 0 (49a)
BVZe=Froh
— Ay ——— 4
Iyt >0 (49b)

In analyzing Eq. (49b), the terms B, V2, e #"" and E* are all
positive, therefore A,, must be negative:

by <0 (50)

To satisty the conditions in Eq. (47), two equations must be solved
simultaneously:

—A,sino + Aypcoso =0 (51a)

— VAycy/E* + A, coso + Agsino =0 (51b)
To solve Eq. (31a), assume A, = kcos o and Ay = ksin o where & is
a constant to be determined. From the assumed values for ky and A,

and the trigonometric identity sin’o + cos’o = 1 [[69], p. A52], the
following must also be true:

M+ =K (52)

Thus, an intermediate solution is

k=+/32+23 (53a)
A, ==%coso,/A2 4+ A7 implies coso = £,/ /A2 + A}

(53b)

ho=tsino /A2 + A7 implies sino = 4is/ /A2 + A7 (53c)

The sign of k must still be determined from Eq. (49a); enforcing the
control limitation ¢, > 0, implies A, cos & + A, sin o < 0. Using the

_), Bt ] >0 (48)

Ex

o = atan2(sin o, cos o) (55¢)

Equation (55) is now plugged into Eq. (51b) to solve for ¢, as

—E*\ /A + Aj
= (56)

Viy

The atan2 function in Eq. (55¢) solves for the correct quadrant for the
angle 0. This may seem unnecessary since o is confined to
—60 < 0 < 60 deg; however, the sign of o is still determined by the
unbounded solution. Thus, using this methodology maintains the
correct sign for o and avoids incorrectly jumping from one bound to
the next when the unbounded solution exceeds 90 deg.

The numerically solved values, from the next section, for Ay, A,,
and Ay will be input into Egs. (55) and (56) to integrate the states
forward to verify the numerical results are adhering to the optimality
criteria enforced in this derivation.

2. 3-D CAV: Optimal Constrained Control

The CAV model allows for two controls, o and ¢,, which have
specified limitations. It will be shown that when one control is
restricted to its limit, the other control law must be modified to
maintain optimality. In other words, if a control is at its limit, the
control laws derived in Egs. (55) and (56) may no longer be valid.

The control limitations, Eq. (23), are adjoined to the Hamiltonian
via the multiplier 4, as defined in Eq. (9), and repeated here:

H=L+Af+u’C (57)

As an example, assume the bank angle has reached its maximum
positive value, and thus the bank angle constraint is active. For
optimality, H, and H,, must still equal zero; however, since /¢ is now
nonzero the solutions in Eqgs. (55) and (56) are no longer valid. The
new equations for H,, and H,, are

H, =—BVe P} ¢, sino + BVe Pl hycicoso+ =0
(58a)
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Fig. 4 Control multiplier & for constrained bank angle (c = 60 deg).

BVZ2e~Prolic,
E*
+ AgBVe Plising =0 (58b)

H, =—hy

cp

+ A,BVe Prl coso

Unlike the previous section, o is now known to be at its maximum.
Thus, when the bank angle is at its maximum positive value the
optimal ¢, is

(A, cos0 + Agsino)E*
- Vy

(59)

Cq

To compare this derivation to the numerical output, Eq. (39) is used
in Eq. (58a) to define pu:

p=BVe (), sino — Aycos0)c, (60)

The comparison between the numerically generated results and this
analytical form is presented in Fig. 4. The time span in Fig. 4 is at the
end of the trajectory where the maximum bank angle is required to
achieve the optimal solution. The matching results demonstrate that
the numerical results are satisfying the optimality criteria. For the
case of maximum c,, the optimality criteria in Egs. (55) and (56)
remain valid because Eq. (47a) is not influenced by ¢, (¢, is present
but it is divided out, thus leaving the originally derived solution).

D. 3-D CAV: Comparison of Analytical Versus Numerical Results

The 3-D CAV mission is described in Sec. II.C.2. It is anticipated
that there will be a large spike in heating during the initial descent into
denser atmosphere. From Table 1, the trajectory should first
encounter waypoint 1, followed by contact with no-fly zone 1, then

©  Numerical
Analytical

60

e

50

30F ' o

Latitude (deg)

20 Heatinig Constraint

ontact
10 x,\ //SQ%\

onto waypoint 2, contact with no-fly zone 2, and lastly hit the target.
Any interior-point constraint may result in a discontinuity in one or
more Lagrange multipliers. Furthermore, each path constraint
translates to an interior-point constraint upon boundary contact, see
Sec. ILA.3. By the evolution described below, the problem is
eventually broken up into seven phases to account for every
discontinuity. The first ends when touching the heating constraint,
the second ends at waypoint 1, the third ends upon touching no-fly
zone 1, the fourth ends at waypoint 2, the fifth ends upon touching no-
fly zone 2, the sixth ends at the second contact of no-fly 2, and the
seventh ends at the target. The test of results is to determine how well
the numerical solution matches the analytically optimal control
derived in Sec. IIL.C.

To maximize the accuracy of the numerical results the trajectory is
broken up such that every jump in the costates occurs at the end of a
phase. This requires an iterative approach to produce these more
accurate results. However, the more accurate results are used to
verify optimality and to test the solution convergence with fewer
phases, that is, less iterations. The initial guess is a straight line
trajectory to the target, that is, “point to target.”

The costate jumps occur at contact with the heating and no-fly
zone constraints. Preliminary numerical results, with fewer phases,
are used to identify the number of path constraint contacts. Next,
additional phases are specified to more accurately capture these
events and verify the original results. Thus, this trajectory is broken
into seven phases: 7, to heating constraint contact, heating constraint
contact to waypoint 1, waypoint 1 to no-fly zone 1, no-fly zone 1 to
waypoint 2, waypoint 2 to first contact of no-fly zone 2, first contact
of no-fly zone 2 to second contact of no-fly zone 2, and second
contact of no-fly zone 2 to target, as seen on the map in Fig. 5.

In Figs. 5-9 the numerical results are compared to the form of the
solution analytically derived in Secs. IIL.C.1 and IIL.C.2. The states
and constraints are nearly a perfect match. For the controls in Fig. 7
the analytical results appear smoother, especially at the beginning of
the trajectory. This is attributed to costate interpolation used to
compute the controls. The derivations in Sec. II.C.2 discussed the
change in the optimal control law when a control constraint is
reached. The correlation in the results at the end of the trajectory in
Fig. 6 demonstrates the successful implementation of the revised
control law. The data point jump at the last point in Fig. 7 is caused
from the singularities that arise as the costates Ay, A,, and Ay
approach the analytically derived values of zero. Figure 8 shows the
path constraints; the constraint is inactive while negative, active
when equal to zero, and violated if it becomes positive. Therefore,
boundary contact first occurs with the heating constraint at about
250 s, followed by no-fly zone 1 atabout 1235 s, and then onto no-fly
zone 2 at about 2460 s. The scalings on the no-fly zone plots are
misleading because they have been converted back to dimensional
units; however, the same S plots in Fig. 9 in nondimensional units
have an order of magnitude of 10~*. Lasty, in the expanded view in
Fig. 9 there are differences in constraint contact points. Herein lies
the instability with the integration in the shooting method: the points
of contact and departure must be exact or the propagated costates
may diverge.

3 1 1 I

1
-80 -60 -40 -20

0 20 40 60
Longitude (deg)

Fig. 5 Trajectory: seven phase numerical and analytical comparison.
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Fig. 11 States: four versus seven phase comparison.

E. 3-D CAV: Numerical Comparison of Phase Breakpoints

This rigorous analysis above forces this problem to be broken up
into many phases, several requiring advanced knowledge of the
solution, that is, the number of boundary contacts. The next objective
is to evaluate the solution effectiveness using fewer phases, as seen in
Fig. 10.

For this mission, there are two known intermediate waypoints.
Therefore, there are at least three phases: #, to #,_;, #,_; to t;_,, and
t;=> to t;. Making some initial assumptions about the solution, but

without confining the solution, a fourth phase is added. This phase
ends at the first point the flight path angle passes through zero. The
rational that is the first assault on the heating limit requires the most
accuracy. Therefore, by placing a phase transition near the potential
heating constraint contact, additional solution accuracy is achieved.
The rigorous seven phase results are compared to the much simpler
four phase results in Figs. 10-15.

Figure 13 shows some notable differences in the controls,
especially at the beginning and end of the trajectory. At the beginning
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Fig. 13 Controls: four versus seven phase comparison.

of the trajectory, due to the extremely low atmospheric density, the
controls are rather ineffective; therefore, seemingly large differences
in the control should have very little impact on the trajectory. For the
bank control at the end, there seems to be a timing issue as to when the
maximum bank will be released. This is likely a result of the terminal
costates going to zero. The state matching in Fig. 11 is arguably a
better indication of a successful comparison. This shows the
solutions have converged to the same trajectory.

The closeness in results demonstrates that the jump in costates due
to path constraint contact can be estimated as continuous.
Quantitatively, the final times for the seven phase and four phase
solutions are 2719.42 and 2719.18 s, respectively, and thus, well
within the accuracy of the model. Future analysis is required to
generalize this small error to higher numbers of waypoints, no-fly
zones, and heating constraint contacts. The setup for the four phase
problem is much simpler and it does not require advanced knowledge
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Fig. 15 Path constraints expanded: four versus seven phase comparison.

of the number of times the path constraints are contacted. The results
herein show that solution accuracy can be maintained even with
unpredicted heating and no-fly zone boundary contact. Therefore,
the problem setup can be automated because the number of phases is
only dependent on the number of waypoints.

F. Summary of Analysis

The development herein built upon itself to eventually determine
and verify a viable optimal reentry trajectory solution technique. The
simpler 2-D HCV case is used as a foundation to compare the
analytical and numerical techniques. Bryson and Ho’s path
constraint method [37] is seen to differ from that used in the
numerical collocation software. Understanding this difference
provides insight into which costates are expected to have
discontinuities, therefore, providing a means of replicating the
results using analytical methods. The more complex 3-D CAV model
demonstrates the ability to incorporate all of the vehicle and mission
constraints. Using dynamic optimal control theory, an analytical
solution is derived to validate these numerical results. After verifying
that the numerical results are indeed satisfying the optimality criteria,
the next step is to simplify implementation. By replicating the
numerical results using just four phases, instead of the full seven
phases, demonstrates that a priori knowledge of path constraint
contact is unnecessary. Therefore, an automated problem setup
technique can be developed primarily dependent on the number of
waypoints.

IV. Conclusions

This research successfully determined and verified a numerical
technique capable of generating an optimal reentry trajectory
satisfying all of the specified vehicle and mission constraints. The

suitability for satisfying the global strike mission also includes the
autonomy and user implementation of the solution technique. The
solution is considered autonomous due to several factors: manual
manipulation of variables is not required, the problem has a
repeatable setup structure, and the solution can converge even with a
very simple point-to-target initial guess. The repeatability is the
structured setup based on the number of waypoints and convergence
independent of the number of no-fly zones or heating constraint
contacts. The desirable user implementation is commensurate with
the autonomy, namely, repeatability and no a priori solution
requirements. The next measure of mission suitability is the
adaptability to alternate missions. Because of the ability to set up
independent phases, the number of waypoints should not hinder
solution performance. Also, because the knowledge of the number of
no-fly zone and heating constraint contacts is not required in the
problem setup, this technique dynamically determines the optimal
solution. And last, user implementation does not require extensive
training or excessive intervention to converge to a solution.
Knowledge of optimal control theory is not required, and the
described problem setup minimized user intervention or iterations.
Thus, once the cost and dynamics are defined, the phases can be
automatically separated based on the given waypoints and if a
feasible solution exists, convergence has been extremely fast.
Future applications research may include convergence and
automation. Research could investigate increasing the likelihood,
and speed, of convergence to a solution. Some candidate
investigations could include the feasibility of the initial guess, node
buildup, and implementing soft constraints instead of hard
constraints. Currently, the initial guess can be any control and any
time history of states; whereas, it may be more advantageous to
simply start with a guess of the initial control and integrate that
forward to become the initial guess of the states. The solution may
not be optimal, but it will immediately satisfy the differential
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Table A1 CAV-H aerodynamic data?

Lift-to-drag ratio, L/D

AOA Mach 3.5 Mach 5 Mach 8 Mach 10 Mach 15 Mach 20 Mach 23
10 deg 2.2000 2.5000 3.1000 3.5000 3.3846 3.2692 3.2000
15 deg 2.5000 2.6616 2.9846 3.2000 3.0846 2.9692 2.9000
20 deg 2.2000 2.3616 2.6846 2.9000 2.7846 2.6692 2.6000
Coefficient of lift, C,
AOA Mach 3.5 Mach 5 Mach 8 Mach 10 Mach 15 Mach 20 Mach 23
10 deg 0.4500 0.4250 0.4000 0.3800 0.3700 0.3600 0.3500
15 deg 0.7400 0.7000 0.6700 0.6300 0.6000 0.5700 0.5570
20 deg 1.0500 1.0000 0.9500 0.9000 0.8500 0.8000 0.7800
Coefficient of drag, Cj,
AOA Mach 3.5 Mach 5 Mach 8 Mach 10 Mach 15 Mach 20 Mach 23
10 deg 0.2045 0.1700 0.1290 0.1090 0.1090 0.1090 0.1090
15 deg 0.2960 0.2630 0.2240 0.1970 0.1950 0.1920 0.1920
20 deg 0.4770 0.4230 0.3540 0.3100 0.3050 0.3000 0.3000

2CAV-H reference area S,; = 750 in.2; CAV-H mass m = 2000 Ibs = 907.186 kg (assuming g = 32.174 ft/s?).

equations. Increasing the number of nodes typically increases the
accuracy of the solution. Initial results have shown that is it faster to
start with a lower number of nodes to get a crude solution, and then
feed that back in as an initial guess to a higher node solution. Simply
starting with a bad guess, with a high number of nodes, led to an
erratic control time history. The current implementation has the
waypoints and no-fly zones as hard constraints, meaning they cannot
be violated. The consequence is an increased potential for an
infeasible solution, even if the vehicle only ran out of energy a very
short distance from the target. Alternatively, the waypoints, no-fly
zones, and target could be set up as costs that are proportional to
proximity. The initial conditions could also be cost driven. For
example, if the range makes the problem infeasible, a potential
solution would be to increase the initial altitude and/or velocity. This
could be achieved by putting a cost on the initial condition, rather
than mandating a specified value. Other research could investigate
alternate objectives, such as maximizing the terminal energy or
terminal velocity. The final flight path angle could also be specified to
vertical, or within a tolerance of vertical.

The benefit of increased feasibility is its compatibility with
automation. The more autonomous the solution process the less user
intervention is required. The results herein were run on a 2 GHz
personal computer with solutions converging in less than a minute
when starting from a simple point-to-target guess. The computa-
tional efficiency and automation potential makes these multiple-
phase pseudospectral methods ideal candidates for real time, or near
real time, on-vehicle implementation.

Appendix A: CAV Aerodynamic Data

The following is taken from [35] and is used to create a Mach
independent model for use in this research.

The coeftficient of drag C), is assumed to be a parabolic function of
the coefficient of lift C, [47]:

Cp=Cp, +KC2 (A1)

Taking this definition of Cj, leads to an expression for lift over drag,
L/D:
L _C C

Z=t=_ Lt (A2)
D Cp, Cp, +KC}

To find the C; that will produce the maximum L/ D, take the partial
derivative of Eq. (A2) with respect to C;:

a(L/D) _ 1 2KC? A3)
aC,  Cp,+KC: (Cp, +KC3)?
Set Eq. (A3) equal to zero and solve for the optimal C,, C}:
Cp, + KC] —2KC; =0 (A4)

Thus,

CDU

C: =
L K

(A5)

Input this equation into Eq. (A1) to find the corresponding Cp,, Cj:

Cp,\?2

C}, =2Cp, (A7)
Then the maximum L/D is
Cy
E*=—= A8
Cy (A%)

The normalized coefficient of lift is defined as

— CL

=c (A9)

Cq

The values in Table A1 are plotted in Fig. A1l with the curve fit using
C; =045 (A10a)
E* =324 (A10Db)

Assuming C; = 0.9 from Fig. Al
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Fig. A1 CAV-H aerodynamic data and model.
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L

(A10c)
From Fig. Al the Mach independence appears valid; therefore, for
this research Eq. (A10) is used to represent the CAV model. In
Fig. A2 the new nondimensional variable c; is plotted to verify the
¢, = 1 corresponding to the maximum L/D.

Appendix B: Gauss Pseudospectral Method Exposition

For completeness, an introduction to the Gauss pseudospectral
method (GPM), which is the basis for the software package used in
this research, is presented next. The GPM is an orthogonal
collocation method where the collocation points are the Legendre—
Gauss (LG) points. The description herein is a compilation from
[29,64,65,70-72] which is based on [60,73]. Additional

implementation methods are in [28,65,74,75].

I. Continuous Bolza Problem

The dynamic optimization problem of Sec. IL.A.1 is restated here
with the transformation of the independent variable #:

tr— 1 tr =+ 1
S0 0

t=
2 2

B

The optimal control problem is to determine the state x(7) € R”,
controlu(z) € R™, initial time #,, and final time #, that minimizes the
cost functional:

J=¢(x(=1),10.x(1), 1) + r—lh /1 L(x(7),u(2), T3 19, 1) dt
—1

2
(B2)
subject to the constraints
& D0 o (o) ) (83)
dr
‘//(X(—l)afo,x(l),ff) =0 (B4)
C(x(1),u(r), t31,,1,) =0 (B5)

Herein, the optimal control problem of Eqs. (B2-B5) is called the
continuous Bolza problem.

II. Gauss Pseudospectral Discretization of Continuous Bolza
Problem

The direct approach to solving the continuous Bolza optimal
control problem of Sec. B.1 is to discretize and transcribe Eqs. (B2—
B5) to a nonlinear programming problem (NLP). The Gauss

pseudospectral method, similar to Legendre and Chebyshev
methods, is based on approximating the state and control trajectories
using interpolating polynomials. The state is approximated using a
basis of N + 1 Lagrange interpolating polynomials, £,

N
x (1)~ X() =Y X(1)Li(0) (B6)
i=0
where £;(7) (i =0, ..., N) are defined as
N —_— .
L= ] —2 (B)
j=0gi BT

Additionally, the control is approximated using a basis of N
Lagrange interpolating polynomials £f(t) (i =1,...,N) as

N
u(®)~U) =) U)Li(r) (B8)
i=1
where
N T—7T;
L:o= ] ! (B9)
N

It can be seen from Eqgs. (B7) and (B9) that £,(7) i =0,...,N) and
Li(r) (i=1,...,N) satisfy the properties

L, i=j , 1, i=j
Li(t) = {0’ ; #Jj and Li(t;) = {07 ; ;éfj (B10)
Differentiating the expression in Eq. (B6) produces
N
()~ X(0) = ) X(@)Li(0) (B11)
i=0

The derivative of each Lagrange polynomial at the LG points can be
represented in a differential approximation matrix, D € RV +1
The elements of the differential approximation matrix are determined
offline as follows:

. N TT, (e — )
Dy = Li(r) = Z—H’,;"'-’*” - (B12)

=0 j=0.j#i(fi 1)
where k=1,...,N and i =0,...,N. The dynamic constraint is
transcribed into algebraic constraints via the differential
approximation matrix as follows:

u tr—t
ZDkiXi_ f2 Of(kaUk,Tk;to,lf)=0 (k=1,....N)
=0

(B13)

where X, = X(r;) € R” and U, = U(ry) e R" (k=1,...,N).
Note that the dynamic constraint is collocated only at the LG points
and not at the boundary points (this form of collocation differs from
other well-known pseudospectral methods [75,76]). Additional
variables in the discretization are defined as follows: X, = X(—1),
and X, = X(1), where X is defined in terms of X, (k =0,...,N)
and U(t,) (k=1,...,N) via the Gauss quadrature [77]:

tr—to &
X, =Xy+-2 5 8 wif Xy Up s fo. 1)) (B14)
k=1

The continuous cost function of Eq. (B2) is approximated using a
Gauss quadrature [77] as

tr— ty o
JI([)(XQ,ZO,Xf,tf)+%Zka(Xk,Uk,Tk;t0,tf) (B15)
k=1

where w; are the Gauss weights. The boundary constraint of Eq. (B4)
is expressed as



568 JORRIS AND COBB

Y(Xo, tg, Xy, 27) =0 (B16)

Furthermore, the path constraint of Eq. (BS) is evaluated at the LG
points as

CXp Up 5 tos 1) <0 (k=1,...,N) (B17)

The cost function of Eq. (B15) and the algebraic constraints of
Eqgs. (B13), (B14), (B16), and (B17) define an NLP whose solution is
an approximate solution to the continuous Bolza problem. Finally, it
is noted that the above discretization can be employed in multiple-
phase problems by transcribing the problem in each phase using the
above discretization and connecting the phases by linkage
constraints:

P® (X(p;>([ ), 270 D xP0) (1), ,(pz>;q<p;)) =0
1 tf 0 (B18)
(prpe€ll,....,Pls=1,....L,)

where xP (1) e R, u” () e R™, q'” ¢ R%, and t € R are,
respectively, the state, control, static parameters, and time in phase
p€ll,....,P], L, is the number of phases to be linked, pj €
[1.....,P] (s=1,...,L,) are the “left” phase numbers, and p;, €
[1.....P](s=1,...,L,) are the “right” phase numbers, where the
sum of the cost for each phase:

»
J=>"Jw (B19)

p=1

becomes the final cost to be minimized.

III. Karush-Kuhn-Tucker Conditions of the Nonlinear
Programming Problem

The first-order optimality conditions (i.e., the KKT conditions) of
the NLP can be obtained using the augmented cost function or
Lagrangian. The augmented cost function is formed using the
Lagrange multipliers A, € R", i, e R, k=1,...,N, Ay € R",
and U € R? as

N

tr—t,

Jo = d(Xo, tg, Xy, t7) + / 7 Zka(Xk,Uk,rk;tO,tf)
k=1

N
— 0Ty (X, 1o, Xy, tp) — Z ArC(Xy Uy, 15 1, tr)
=1

N —
_ZAk ZDkXi_ 5 SXe, Up, s 1o, )

- t— )&
_Aﬁ(xf—xo_ / 5 OZwkf(Xk,Uk,rk;to,tf))
k=1

(B20)

The KKT conditions are found by setting the derivatives of the
Lagrangian equal to zero with respect to Xy, X, X, Uy, 1&,(, s A P
v, 1y, and t;. The solution to the NLP of Sec. B.II must satisfy the
following KKT conditions:

N
XD, =10 B2I
Z iYki — fk ( )
i=0 2

It
i AT\ KT
Z(I‘F AF)Dki +ArDiy,,

i=1

tp—to (L Al 1) 0% 2 i} 9C,
=L ok (e A1) Yk M 9%\ g
2 (3Xk (wk A an—’_tf_lO Wy axk ( )
0=9Le H pAD) M2 i 0C (B23)
- 3Uk Wy F aUk t[ — to Wy aUk

Y(X,, to, Xy, 1) =0

~ 0 oy

r__ %9 r oV
Ao==5x, TV ax,
_ oy
T _ oV
AF_Xf v X,

iy =0, when Cj <0

jij <0, when Cy =0

tr—ty
X;=Xp+ f2 Ozwkfk
=1

P PRy A ALy
A= (g

i=

AL i\ Ofe | 2 [ELOC
— | £ A R Tk 7R
(wk + r 3Xk + tf — [0 Wy 3Xk

where the shorthand notation

Ly = L(Xy, Up. 1y 1, )

fie =X U, wis by, 1)

Hy = H (X A i Uy s 1, 1y)
and
Civ = Ci( X, Up, s 1o, 1)
is used. The augmented Hamiltonian H, is defined as
S

tf — Iy Wy

~ AL
Hy=Li+|—+Ap ) fi— [
W

and &0 is defined as

_8_¢_|_{}T8_w

AT
Ao = X, X,

(B24)

(B25)

(B26)

(B27)

(B28)

(B29)

(B30)

(B31)

(B32)

(B33)

(B34)

(B35)
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Note that the sign of the /i] term is opposite to the 17 term in Eq. (9);
thus, the software output requires a sign change to match the
analytical results presented before this Appendix.

IV. First-Order Optimality Conditions of Continuous Bolza Problem

The indirect approach to solving the continuous Bolza problem of
Eqgs. (B2-BS5) in Sec. B.I is to apply the calculus of variations and
Pontryagin et al.’s maximum principle [78] to obtain the first-order
necessary conditions for optimality [79]. These variational
conditions are typically derived using the augmented Hamiltonian
H defined as

H(X, A, 0, 7510, 1) =
F AT @0 T 1)~ W (OCK T 1) (B36)

L(x,u,7;t,tf)

where A(7) € R" is the costate and p(t) € R is the Lagrange
multiplier associated with the path constraint. The continuous-time
first-order optimality conditions can be shown to be

d ty— tr—tyoH
d—t = fz Cf(x w10, 1) = /2 05 (B37a)
dr =1 _3_L 8f TB_C _ 103_H
dr =~ 2 ( 0x M 9x * ox/) 2 (B37b)
_OL O L3C_3H
O_Bu+)L ou # du  OJu (B37¢)
Y(x(70), to, x(t4), 1) =0 (B37d)
__ 99 r 0¥ _ 09 r oY
M) = T e T T Y ()
(B37¢)
_8_(]5_ Ta_¢ _a_¢ T ¢
H(lo)—ato e H(t;) = , +v E (B371)

() =0, when C;(x,u, 11y, 1) <0, j=1,....c

wi(t) =0, when C;(x,u,7;t),t) =0, j=1,....¢c

(B37h)

where v € R? is the Lagrange multiplier associated with the
boundary condition 1. It can be shown that the augmented
Hamiltonian at the initial and final times can be written,
respectively, as

H(ty) =

2 / Hdr (B38)

tr— 1y
H(ty) = fz and T4 / Hdr (B39)

V. Gauss Pseudospectral Discretization Necessary Conditions

To discretize the variational conditions of Sec. B.IV using the
Gauss pseudospectral discretization, it is necessary to form a suitable

approximation for the costates. In this method, the costate A(7) is
approximated as follows:

N+1

Mo ~ A(D) =) ML (D) (B40)
i=1

where Lj(r) (i=1,...,N 4+ 1) are defined as

N+1

. T—7T;
cio= [T — (B41)
j=Lj#

It is emphasized that the costate approximation is different from the
state approximation. In particular, the basis of the N + 1 Lagrange
interpolating polynomials £f(z) (i=1,...,N + 1) includes the
costate at the final time (as opposed to the initial time which is used in
the state approximation). This (nonintuitive) costate approximation
is necessary to provide a complete mapping between the KKT
conditions and the variational conditions.

Using the costate approximation of Eq. (B40), the first-order
necessary conditions of the continuous Bolza problem in Eq. (B37)
are discretized as follows. First, the state and control are
approximated using Eqgs. (B6) and (B8), respectively. Next, the
costate is approximated using the basis of N + 1 Lagrange
interpolating polynomials as defined in Eq. (B40). The continuous-
time first-order optimality conditions of Eq. (B37) are discretized
using the variables X, = X(-1), X; = X(7;) € R", and X, =
X (1) for the state; U, = U(z;) € R™ for the control; Ay = A(—1),
A, =A(ry) eR", and Ay = A(1) for the costates; and p;, =
u(t,) € R for the Lagrange multiplier associated with the path
constraints at the LG points k= 1,...,N. The other unknown
variables in the problem are the initial and final times, 7, € R, 7, € R,
and the Lagrange multiplier, v € R?. The total number of variables is
then given as (2n + m + ¢)N + 4n + g + 2. These variables are
used to discretize the continuous necessary conditions of Eq. (B47)
via the Gauss pseudospectral discretization. Note that the derivative
of the state is approximated using Lagrange polynomials based on
N + 1 points consisting of the N LG points and the initial time 7,
while the derivative of the costate is approximated using Lagrange
polynomials based on N + 1 points consisting of the N LG points
and the final time, 7,. The resulting algebraic equations that
approximate the continuous necessary conditions at the LG points
are given as

S (B42)

N

tr— 1ty
E XDy = ! )
i=1

N . . tr—1
ZAiDILi‘FAFDIIcN-%—l: ! 0( 0L AT% Tg)

- 2 0X,  kax, T Hgx,
(B43)
8Lk Af 7 0Cy

0= 3Uk + AT == au, — My 3y, (B44)
V(X 1o, Xp, 1) =0 (B45)

_ 0 Loy
Mo=—3x. " ox (B46)

_ d¢ r O
Ar=3x~Vax, (B47)

. N N
_k tOZw LT wka:a_¢_vTa_1/f (B48)
k= 0
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=1 BHk u P4
= B49
Zl “ o, 2Z 3lf+ a1, (B49)
i =0, when Cy <0 (B50)
My =0, when Cy =0 (B51)
fork=1,...,Nand j=1,...,c. The final two equations that are

required (in order to link the initial and final state and costate,
respectively) are

tr— o
X =Xo+752 wifi (B52)
k=1

tr—ty & dL, f, o
Ap=A)+ S w (—7_AT7
F=o 2 2w X,  Fax, i X,

k=1
(B53)

The total number of equations in the set of discrete necessary
conditions of Eqs. (B42-B53)is (2n + m + ¢)N + 4n + g + 2 (the
same number of unknown variables). Solving these nonlinear
algebraic equations would be an indirect solution to the optimal
control problem.

VI. Costate Estimate

One of the key features of the Gauss pseudospectral method is the
ability to map the KKT multipliers of the NLP to the costates of the
continuous-time optimal control problem. In particular, using the
results of Secs. B.III and B.V a costate estimate for the continuous
Bolza problem can be obtained at the Legendre—Gauss points and the
boundary points. This costate estimate is taken from [73] and is
summarized here via the Gauss pseudospectral costate mapping
theorem:

Theorem B.1. Gauss Pseudospectral Costate Mapping Theorem:
The KKT conditions of the NLP are exactly equivalent to the
discretized form of the continuous first-order necessary conditions of
the continuous Bolza problem when using the Gauss pseudospectral
discretization. Furthermore, a costate estimate at the initial time, final
time, and the Legendre-Gauss points can be found from the KKT
multipliers, Ak, ks AF, and v,

Ay —ﬂ—}—AF, e = 2 ﬂ, V="
Wy Iy — fp Wy (B54)
A)=A,, A=A,

Using the substitutions of Eq. (B54), it can be seen that Eqs. (B21—
B33) are exactly the same as Eqs. (B42-B53).

VII. Computation of Boundary Controls

It is seen in the GPM that the control is discretized only at the LG
points and is not discretized at either the initial or the terminal point.
Consequently, the solution of the NLP defined by Eqs. (B13-B17)
does not produce values of the controls at the boundaries. The ability
to obtain accurate initial and terminal controls can be important in
many applications, particularly in guidance where real-time
computation of the initial control is of vital interest.

At first glance, it may seem that the lack of control information at
the boundaries can be overcome simply via extrapolation of the
control at the LG points. However, multiple reasons exist as to why
this is not the best approach. First, no particular functional form for
the control is assumed in the GPM discretization. As a result, the best
function to use for extrapolation is ambiguous. Second, any
reasonable extrapolation of the control (e.g., linear, quadratic, cubic,

or spline) may violate a path constraint which, in general, will render
the extrapolated control infeasible. Third, even if the extrapolated
control is feasible, it will not satisfy the required optimality
conditions at the boundaries (i.e., the control will be suboptimal with
respect to the NLP). Consequently, it is both practical and most
rigorous to develop a systematic procedure to compute the boundary
controls. The primal (state) and dual (costate) solutions of the NLP
arising from the Gauss pseudospectral method are used to compute
the boundary controls [72].

Computation of the initial control is done first because the
approach for computing the terminal control is identical. First,
recalling the augmented Hamiltonian H for the continuous-time
optimal control problem in Eq. (B46) is

Hx,u,A,p)=L+ATf—pu’cC (B55)
where shorthand notation is used. Recall from the principle of
Pontryagin, at every instant of time the optimal control is the control
u*(7) € U that satisfies the condition

HX*, w45, 1) < H(x* u, A%, 1) (B56)

where U is the feasible control set. Consequently, for a given instant
of time t where x*(t), A*(t), and p* () are known, Eq. (B56) is a
constrained optimization problem in u(r) € R™. To solve this
constrained optimization problem at the initial time, it is necessary to
know x*(74), A*(1p), and p*(zy)-

Consider the information that can be obtained by solving the NLP
associated with the GPM. In particular, the primal solution to the
NLP produces X(t,) while the dual solution to the NLP can be
manipulated algebraically to obtain the initial costate, A (7).
However, because the NLP does not evaluate the path constraint at
the boundaries, there is no associated Lagrange multiplier p*(z).
This apparent impediment can be overcome by applying the
minimum principle in a manner somewhat different from that given
in Eq. (B56). In particular, suppose we let H be the Hamiltonian (not
the augmented Hamiltonian), where H is defined as

Hx,u,A)=L+ATf (B57)
Itis seenin Eq. (BS7) that the term involving the path constraint is not
included. The path constraint is instead incorporated into the feasible
control set. In particular, suppose we let V, be

Vo=U[\C (B58)

where V), is the intersection of the original set of feasible controls at
time 7, denoted U, with the set of all controls at time 7, that satisfy
the inequality constraint of Eq. (B27), denoted C,. Then, using the
values of X(zy) and A(t,), the following modified optimization
problem in m variables U(z;) € R™ can be solved to obtain the initial
control, U(zy):

U(mln H(X(70), U(to). A (7o) T3 fo, 15) (B59)

It is noted that, because V), is restricted by the inequality path
constraint at 7, the solution of U(t;) is equivalent to the solution of
the following problem:

Umm H(X (7)), U(tg), A7), 705 Lo, y)
() (B60)
subjectto C(X (7o), U(7y), 7o t. t) <0

Interestingly, if the constraint is active, then the initial path constraint
multiplier ©*(z;) will also be determined by the minimization
problem of Eq. (B60). Finally, similar to the initial time, the control at
the terminal time U(z,) can be obtained by solving the minimization
problem of Eq. (B60) at T = 7, that is,
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i X A ;
Uf?,ﬂréuH( (tp), U(zy), Azp), Tf3 1o, tf)

subjectto C(X(z/), U(zy), 74319, 17) <0

(B61)

The GPOCS is a software program written in MATLAB®} for
solving multiple-phase optimal control problems, which implements
the algorithm as described above.
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